Improved solutions of the diffusion equation for time-resolved and steady-state spatially resolved reflectance are investigated for the determination of the optical coefficients of semi-infinite turbid media such as tissue. These solutions are derived for different boundary conditions at the turbid-medium-air interface and are compared with Monte Carlo simulations. Relative reflectance data are fitted in the time domain, whereas relative and absolute reflectance are investigated in the steady-state domain. It is shown that the error in deriving the optical coefficients is, especially for steady-state spatially resolved reflectance, considerably smaller for the solutions under study than for the commonly used solutions. Analysis of experimental measurements of absolute steady-state spatially resolved reflectance confirms these results.
INTRODUCTION
In recent years knowledge of photon migration in biological tissue has become an important tool for monitoring the physiological state of tissue. 1, 2 Solutions of the diffusion equation have frequently been applied to derive the optical parameters from experimental data. [3] [4] [5] Although the diffusion equation is an approximation of the more exact transport equation, 6 it has the advantage that its solutions can be obtained in analytical form for relevant geometries. 7 However, for each solution the range of applicability has to be carefully examined. For example, Hielscher et al. 8 showed for time-resolved reflectance from a semi-infinite medium that the reduced scattering coefficient derived from solutions of the diffusion equation is incorrect if the source-detector distance is small. They applied three commonly used boundary conditions: the partial-current boundary condition (PCBC), the zeroboundary condition (ZBC), and the extrapolatedboundary condition (EBC). For the case of steady-state spatially resolved reflectance from a semi-infinite medium we previously pointed out that an EBC solution leads to great errors in deriving the optical coefficients for mismatched-boundary conditions. 9 In this study we show that solutions of the diffusion equation that use EBC's can be significantly improved for steady-state spatially resolved and time-resolved reflectance from a semi-infinite medium by application of an approach used by Haskell et al. 10 for applications in the frequency domain. They calculated the reflectance from the integral of the reflected radiance and not from the gradient of the fluence rate. We investigated the errors in determining the reduced scattering s Ј and the absorption coefficient a by fitting the diffusion solutions to Monte Carlo simulations for time-resolved and spatially resolved reflectance. In the time domain we used relative data, and in the steady-state domain we used absolute and relative data. Measurements of absolute spatially resolved reflectance were used to confirm the theoretical calculations.
THEORY
We describe different solutions of the diffusion equation for time-resolved and steady-state spatially resolved reflectance from a semi-infinite turbid medium. The ZBC, the EBC, and the PCBC were applied to solve the diffusion equation.
A. Zero-and Extrapolated-Boundary Conditions
The ZBC states that the fluence rate is zero on the surface of the turbid medium, whereas the EBC states that the fluence rate goes to zero some distance beyond the actual surface. Employing the ZBC and the EBC and the method of image sources to solve the diffusion equation for the fluence rate ⌽ within the medium leads to 11, 12 ⌽͑, z, t ͒ ϭ c
where D ϭ 1/͓3( a ϩ s Ј)͔ is the diffusion constant, c is the speed of light in the turbid medium, is the radial distance from the source, and z is the distance normal to the boundary. The first term is due to a point source at
Ϫ1 that results from the perpendicularly incident collimated light, and the second is due to a negative image source at Ϫz 0 Ϫ 2z b . For the ZBC z b is zero, whereas it is
for the EBC. R eff represents the fraction of photons that is internally diffusely reflected at the boundary. R eff was calculated according to Haskell et al., 10 who found that R eff ϭ 0.493 for a refractive index n of 1.4, which is representative of measured tissue data. 13, 14 A thorough discussion of the quantity z b can be found in Ref. 15 . In the steady-state case (indicated by the superscript s) the fluence rate is given by 16 
⌽
where eff ϭ ͓3 a ( a ϩ s Ј)͔ 1/2 . In previous studies by Moulton, 12 by Hielscher et al. 8 and by others, the diffuse reflectance from the medium was calculated as the current across the boundary, with
[If the reflectance is calculated with Eq. (4) we use the subscript f.] Inserting Eq. (1) into Eq. (4) yields
where r 1 2 ϭ z 0 2 ϩ 2 and r 2 2 ϭ (z 0 ϩ 2z b ) 2 ϩ 2 . With Eqs. (3) and (4) the steady-state reflectance becomes
As pointed out by Haskell et al. 10 it is more nearly correct to express the reflectance as the integral of the radiance over the backward hemisphere. In diffusion theory the radiance is expressed as the sum of two terms one proportional to the fluence rate and one proportional to the current or flux, which should be much smaller than the fluence rate term. The integral for the time-resolved or the steady-state reflectance can be written as
where R fres () is the Fresnel reflection coefficient for a photon with an incident angle relative to the normal to the boundary. For a refractive index n ϭ 1.4, Eq. (7) gives 
B. Partial-Current-Boundary Condition
In the partial-current-boundary treatment the irradiance at the boundary is set equal to the integral of the reflected radiance.
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The solution for the time-resolved fluence rate in the medium when the PCBC is used is 10, 18 ⌽͑, z, t ͒ ϭ c
ͬͮ , (9) and, employing the same method of images that was used to derive Eq. (9), we have for the steady-state fluence rate
Considering the radiance terms proportional to the flux and the fluence rate [Eq. (7)], we obtain for n ϭ 1.4 for the time-resolved or steady-state reflectance
Inserting Eq. (9) [Eq. (10)] into Eq. (11), one obtains the time-resolved (steady-state) reflectance for the PCBC. We note that in the case of the PCBC the reflectance has also been derived from Eq. (4). 8, 12 Hielscher et al. 8 showed that the results from this solution are similar to those from the EBCF solution. Thus it is not considered here.
C. Monte Carlo Simulations
In Sections 3 and 4 the solutions of the diffusion equations are compared with Monte Carlo simulations. The principles of Monte Carlo simulation of photon transport have been thoroughly described, 19 ,20 so we point out only the salient features of our self-written Monte Carlo program. A pencil photon beam was normally incident upon the semi-infinite turbid medium.
The HenyeyGreenstein 21 phase function was assumed for calculation of the scattering angle. For the Monte Carlo simulations in the time domain a spatial resolution of 0.5 mm and a temporal resolution of 2.5 ps for t Ͻ 100 ps and of 10 ps for t Ͼ 100 ps were chosen for scoring the reflectance. The simulations were run for a certain reduced scattering coefficient and for zero absorption. From these data we calculated the reflectance curves with different absorption coefficients, using Beer's law and the path length of the photons through the turbid medium. 22 This approach has the advantages that only one simulation is needed for reflectance curves with different absorption coefficients and that the statistic of the reflectance at long times is improved. The anisotropy factor g was chosen to be 0.8, because g values between 0.8 and 1 do not influence the reflectance significantly as long as s Ј is constant. 23 The spatial resolution of the steady-state Monte Carlo simulations was 0.1 mm, and distances up to 25 mm were scored. For the anisotropy factor 0.9 was chosen. As in the time domain, the steady-state spatially resolved reflectance is practically invariant if g у 0.8 and s Ј is constant. 9 For the nonlinear regression a combination of the gradient search method and the method of linearizing the fitting function was used. 24 The logarithm of the reflectance data was fitted in nonlinear regressions for investigations both in the time domain and in the steadystate domain. Equal weights for all the data points were used in the fitting procedure. The logarithm of the reflectance using equal weights was employed because it was more robust than other possibilities (e.g., fitting the raw reflectance data with equal weights or with weights calculated from 1/R). Also, the optical properties could be found most accurately in this way. 
TIME-DOMAIN REFLECTANCE

B. Derivation of the Optical Coefficients
To investigate how the different solutions of the diffusion equation influence the derivation of the optical properties from time-resolved reflectance measurements, we fitted the corresponding equations to Monte Carlo simulations. Because relative measurements were assumed, three parameters were fitted: s Ј , a , and a multiplicative factor. This is similar to the approach taken by Hielscher et al., 8 but we used the improved solutions for the EBC and the PCBC. Figures 3 and 4 show the derived reduced scattering and absorption coefficients, respectively, for a nonlinear regression to a Monte Carlo simulation calculated for s Ј ϭ 1 mm Ϫ1 , a ϭ 0.02 mm Ϫ1 and ϭ 9.75 mm. The optical coefficients are plotted versus the time at which the first reflectance value was used for the nonlinear regression. This start time was gradually increased to demonstrate the influence of the reflectance at early times where diffusion theory is least accurate. The data were fitted up to times at which the reflectance is greater than 10 Ϫ4 times the maximum value of the reflectance, because this dynamic range is the best that can be achieved for typical time-domain reflectance measurements. 8 As Fig. 3 indicates, the accuracy with which s Ј can be determined depends on which diffusion solution is used. Disregarding the reflectance data at times earlier than 100 ps, the errors in s Ј for the different models are ϳ12% for the ZBC, ϳ9% for the EBCF, ϳ6% for the PCBC, and ϳ2% for the EBC, whereas the error in a is always smaller than 1% for this fitting region regardless of which model is used. Additional nonlinear regressions for other distances and optical coefficients revealed that, although the EBC solution is closest to the Monte Carlo simulation, the derived optical coefficients were not always better than those derived with the other solutions. This is because relative data were fitted, and thus the shape of the curves is more important than the absolute values. This is especially true if early times are not included in the calculations.
In general, diffusion theory is valid if the photons have experienced many scattering interactions, i.e., s Ј ӷ 1. In the example above this product is s Ј ϭ 9.75. For showed also that the error in deriving the reduced scattering exceeds 10% for s Ј Ͻ 7. The absorption coefficient (see Fig. 6 ) can be derived within 2%. We note that the derivation of the optical coefficients from the diffusion solutions also depends on the absorption coefficient. In general, it can be stated that the errors in determining s Ј decrease if the absorption coefficient is decreased, and vice versa. Figure 7 compares the steady-state spatially resolved reflectance with the EBC solution and with the EBCF solution to a Monte Carlo simulation. The optical coefficients are s Ј ϭ 1 mm Ϫ1 , a ϭ 0.01 mm Ϫ1 , and in the Monte Carlo simulations the anisotropy factor is g ϭ 0.9. Figure 7 shows that the EBC solution approximates the Monte Carlo simulations much better than does the EBCF solution. Only for distances smaller than 1.5 mm are systematic differences greater than 5% seen, whereas for the EBCF solution this is the case for distances up to 10 mm. Figure 8 compares these curves for a smaller distance range, and, in addition, the PCBC solution is shown. This solution is worse than the EBC solution for distances smaller than 4 mm. Therefore in Subsections 4.B and 4.C the EBC solution is applied.
STEADY-STATE REFLECTANCE A. Comparison with Monte Carlo Simulations
B. Derivation of the Optical Coefficients from Absolute Steady-State Spatially Resolved Reflectance
Here the errors in deriving the optical properties from absolute steady-state spatially resolved reflectance are investigated. Recently we showed that it is possible to measure absolute spatially resolved reflectance with a CCD camera. 9 There it was also pointed out that the application of the EBCF solution often results in errors of ϳ50% or ϳ100%.
Because of the absolute reflectance data, only two parameters, s Ј and a , were fitted. The EBC solution was ). In the range of the investigated absorption coefficients the relative errors in the derived optical coefficients decreased if the absorption coefficient was increased, and vice versa. For example, for a ϭ 0.003 mm Ϫ1 the maximum error in the derived absorption coefficient was ϳ25% and in the reduced scattering coefficient it was ϳ10% for start distances smaller than 3 mm. The reason for this is prob- ably that a certain relative change of the absorption coefficient alters the spatially resolved reflectance more when a is great compared with the case in which a is small. Therefore a certain relative difference between the diffusion equation and Monte Carlo data results in a greater error of the derived optical properties if a is small. In contrast, even for a ϭ 0.05 mm Ϫ1 the reduced scattering coefficient is 20 times greater than the absorption coefficient. Thus the diffusion approximation is still valid. We note that the results of these contour plots calculated for s Ј ϭ 1 mm Ϫ1 can be used for other reduced scattering coefficients, because it is possible to scale the data. For example, the error contour plots in Figs. 9 and 10 are the same for s Ј ϭ 0.5 mm Ϫ1 and a ϭ 0.005 mm Ϫ1 if the start and the end distances are multiplied by two.
C. Derivation of the Optical Coefficients from Relative Steady-State Spatially Resolved Reflectance
Most of the experimental data presented in the literature are based on relative steady-state spatially resolved reflectance measurements. Because of the lack of the absolute values and the need to fit an additional parameter, the ability of the nonlinear regression algorithm to recover the correct optical coefficients is worse than the fit of absolute reflectance data. 
D. Absolute Steady-State Spatially Resolved Reflectance Measurements
We made absolute steady-state spatially resolved reflectance measurements, using a CCD camera. These measurements were described in detail previously. 9 Briefly, a He-Ne laser at ϭ 633 nm with a beam diameter of 0.4 mm was incident approximately perpendicularly upon a tissue phantom, which consisted of diluted Intralipid as the scattering medium and Trypan Blue as the absorbing medium. The diffusely reflected photons were imaged onto a CCD camera, and the intensity values were recorded. From these records the spatially resolved reflectance was calculated. Absolute measurements were possible because we also recorded the incident beam with the CCD camera by replacing the phantom with a mirror. The true optical coefficients of the phantom were derived from the independently measured reduced scattering coefficient of Intralipid and the absorption coefficient of Trypan Blue. Table 1 shows the reduced scattering and absorption coefficients derived from a nonlinear regression with the EBC solution and the EBCF solution of four measurements of the absolute spatially resolved reflectance. The true optical coefficients are also given in the table. A distance range of 2-12 mm was used for the nonlinear regression. Table 1 indicates that with the diffusion solution consisting only of the EBCF it is not possible to derive the optical coefficients accurately. For two measurements no result could be obtained because the nonlinear regression diverged. With the EBC solution, however, the optical coefficients can be derived quite satisfactorily. The errors are smaller than 10%, except for the phantom with the lowest absorption coefficient. This behavior of the nonlinear regression to absolute spatially resolved reflectance data was described in Subsection 4.B and probably occurs because even a large fractional change in a will have little effect on the reflectance curve if a is small.
DISCUSSION AND CONCLUSIONS
We applied improved solutions of the diffusion equation for time-resolved and steady-state spatially resolved reflectance from a semi-infinite medium as originally used by Haskell et al. 10 in the frequency domain. In contrast to their results, we found a significant improvement when we used the flux and the fluence terms to calculate the reflectance.
In the time domain we showed that the new equations describe the reflectance correctly for times approximately twice as short as for the previously used equations. In general, this method of calculation results in smaller errors in deriving the optical coefficients from the timeresolved reflectance. However, because relative data were used in the nonlinear regression, this is not always the case, especially when the fitting range includes only the decreasing part of the reflectance curve.
For steady-state spatially resolved reflectance it was pointed out that the new equation that we obtained by applying the EBC results in a great improvement compared with results from previously used equations. Significant deviations from Monte Carlo simulations occur only at distances smaller than ϳ1.5/ s Ј, whereas this critical distance is more than five times greater for the EBCF solution.
When the EBC solution was used to fit absolute spatially resolved reflectance data generated with Monte Carlo simulations it was shown that the errors in deriving s Ј and a were smaller than 10% and 15%, respectively, for practically relevant distance ranges. For nonlinear regressions to relative spatially resolved reflectance data the errors are in general greater and depend more on the distance range used for the fit. Therefore, one must consider the possible range of the optical coefficients of the investigated samples and the distance range of the measurements to decide whether the optical parameters can be derived with the needed accuracy.
For applications for which the errors from the improved EBC solution are too great, a neural network trained with Monte Carlo data can be used for both the steady state 9, 26 and the time-resolved reflectances. One can obtain even more-accurate results by fitting the output of one Monte Carlo simulation to the experimental data by applying Beer's law and scaling techniques. 23 For the calculations of the reflectance in Eq. (7) it was assumed that all remitted photons are detected independently of the emission angle. To investigate the effect of detectors that have a small numerical aperture and that are oriented normal to the boundary of the turbid medium, we calculated the steady-state reflectance for these conditions [using the approximation cos() Ϸ 1 in Eq. (7)] and compared it with the results computed with Eq. (7). We found that the differences were small except for small distances to the source. For example, for s Ј ϭ 1 mm Ϫ1 and a ϭ 0.01 mm Ϫ1 the difference between the two curves is smaller than 5% for all the distances greater than 1.3 mm. In a recent study similar results were found with the Monte Carlo method. 9 Finally, we compared the EBCF solution and the EBC solution of the diffusion equation by analyzing experimental absolute spatially resolved reflectance measurements. With the new solution (EBC) it was possible to deduce the optical coefficients of the measured tissue phantoms mostly within errors of 10%, whereas with the old solution EBCF it was not possible to derive the correct coefficients.
